Published by Institute of Physics Publishing for SISSA/ISAS Received: August 10, 2004 Revised: September 20, 2004 Accepted: September 23, 2004

Higher order contributions to the effective action of N = 2 super Yang-Mills

Darren T. Grasso

School of Physics, The University of Western Australia Crawley, W.A. 6009, Australia E-mail: grasso@physics.uwa.edu.au

Abstract: We apply heat kernel techniques in N = 1 superspace to compute the oneloop effective action to order F^5 for chiral superfields coupled to a non-abelian super Yang-Mills background. The results, when combined with those of [4], yield the one-loop effective action to order F^5 for any N = 2 super Yang-Mills theory coupled to matter hypermultiplets.

Keywords: AdS-CFT and dS-CFT Correspondence, Supersymmetric Effective Theories, Superspaces.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep092004054 /jhep092004054 .pdf

Contents

1. Introduction 1

2. N = 2 super Yang-Mills 2

3. Chiral superfields in a super Yang-Mills background 3

4. The method of computation 6

5. Results 9 5.1 Superfield form 9 5.2 Component form 10

6. Comparison with literature 11

7. Discussion 12

A. The method of computation 13

B. Change of basis 14 B.1 F^5 terms 15 B.2 D^2F^4 terms 16 B.3 D_aD_bF^4 terms 16 B.4 The basis 17

1. Introduction

The low energy effective actions for D-branes in superstring theories are supersymmetric Yang-Mills theories. This fact has led to a remarkably fruitful interface between superstring theory and supersymmetric Yang-Mills theory, which has yielded valuable insights on both sides. Perhaps the most spectacular example is the Maldacena conjecture of the duality between N = 4 supersymmetric Yang-Mills theory and type-IIB superstring theory in an AdS_5 × S^5 background [1, 2, 3]. On the field theory side, more stringent tests of this conjecture require the computation of the effective action of N = 4 supersymmetric Yang- Mills theory. In [4], the one-loop effective action for N = 4 supersymmetric Yang-Mills theory was computed through to order F^6 using the N = 1 superfield formulation. At the component level the results to order F^5 were found to be in agreement with string theory calculations to the same order [6] (see also [5]).

– 1 –

Maldacena’s original arguments have been generalized to include a conjectured duality between certain N = 2 superconformal supersymmetric Yang-Mills theories and superstring theories in special backgrounds [7, 8]. As in the N = 4 case, more detailed tests of these conjectures will require comparison of the effective action for specific N = 2 supersymmetric Yang-Mills theories with results derived from superstring calculations. In anticipation of such tests, it is important that the effective action of these supersymmetric Yang-Mills theories be computed to higher orders. This paper details the computation of the one-loop effective action for general N = 2 supersymmetric Yang-Mills theories to order F^5 in N = 1 superfield formulation. Since at the quantum level, with the same gauge conditions, N = 2 and N = 4 super Yang-Mills theories differ only in the hypermultiplet sector, making use of the results already derived in [4], we need only calculate the one-loop contribution associated with this sector.

This paper is organized as follows. Firstly, in section 2, we briefly discuss the connection between N = 2 and N = 4 super Yang-Mills theories at the classical and one-loop quantum level. In section 3 we review, using heat kernels and zeta functional regularization, the quantization of matter coupled to a non-abelian super Yang-Mills background in N = 1 superspace. We also demonstrate how the one-loop effective action may be cast on full superspace, rather than a chiral subspace. Section 4 briefly describes the method of computation of the associated heat kernel, being further explained in appendix A. The results of the calculation in full superfield form, as well as its leading bosonic component, are given to order F^5 in section 5. Section 6 compares these results with partial bosonic results currently available in the literature, and section 7 discusses the one-loop effective action for general N = 2 super Yang-Mills theory to this order. Appendix B details the change of basis calculations required to compare the F^5 component results with literature.

We adopt the conventions and notation of [9] and [10].

2. N = 2 super Yang-Mills

The most general classical non-abelian N = 2 supersymmetric Yang-Mills action cast in N = 1 superfield form consists of two parts,

S_{N =2} = S_{pure} + S_{hyper} . (2.1)

The pure N = 2 super Yang-Mills action is given by:

S_{pure} = 1 g^2 tr_{Ad} (∫ d^8z Φ^†Φ + 1 2 ∫ d^6z W^2 ) , (2.2)

where Ad denotes the adjoint representation. The hypermultiplet action is

S_{hyper} = ∫ d^8z ( Q^†Q + Q̃^†Q̃ ) + √ 2 ∫ d^6z Q̃^TΦ Q + √ 2 ∫ d^6z̄ Q^†Φ^† ¯Q̃ + +M ∫ d^6z Q̃^T Q + M ∫ d^6z̄ Q^† ¯Q̃ (2.3)

where M is the hypermultiplet mass. The covariantly chiral superfields Q, Q̃ and Φ transform in the representations R, its conjugate R_c, and the adjoint representation of the

– 2 – gauge group respectively. W^α is the covariantly chiral superfield strength associated with the gauge covariant derivatives,

D_A = (D_a, D_α, D̄^{α̇}) = D_A + iΓ_A , Γ_A = Γ^I_A(z)T^I , (2.4) (T^I )^† = T^I , [T^I , T^J ] = if^{IJK}T^K , (2.5)

where D_A are flat covariant derivatives and T^I are the hermitean generators of the gauge group. The gauge covariant derivatives satisfy the algebra:

{D_α, D_β} = {D̄_{α̇}, D̄_{β̇} } = 0 {D_α, D̄_{α̇}} = −2iD_{αα̇} = −2i(σ^a)_{αα̇}D_a [D_α, D_{ββ̇} ] = 2iε_{αβ}W̄_{β̇} [D̄_{α̇}, D_{ββ̇} ] = 2iε_{α̇β̇} W_β [D_{αα̇}, D_{ββ̇} ] = (σ^a)_{αα̇}(σ^b)_{ββ̇} G_{ab} = −ε_{αβ} (D̄_{α̇}W̄_{β̇}) − ε_{α̇β̇}(D_αW_β) . (2.6)

We are interested in the one-loop effective action for a generic N = 2 SYM theory (2.1), which can be computed efficiently using the N = 1 background field formalism [11, 12]. Here we consider providing only the N = 1 vector multiplet with background field values. After background covariant gauge fixing [12, 13], the effective action at the one-loop level is a linear combination of two types of contribution [11, 14] - the logarithm of the superdeterminant of the background covariant operator in the quadratic part of the action for a vector superfield in the adjoint representation, and the logarithm of the superdeterminant of the operator which results from the quadratic part of the action for a background covariantly chiral scalar superfield in a real representation of the gauge group (either the adjoint representation or R ⊕ R_c). Since the former has already been dealt with in [4], it remains to compute the latter in order to be able to assemble the one-loop low energy effective action for an arbitrary N = 2 SYM theory. For related discussions, material and different approaches to analogous problems also see [15]–[25].

3. Chiral superfields in a super Yang-Mills background

As discussed above, the problem of computing the one-loop effective action of any N = 2 SYM theory is reduced to computing the effective action for a background covariantly chiral scalar χ = {χ^i(z)}, which transforms under some real representation R of the gauge group. The background covariant derivatives are given by

D_A = (D_a, D_α, D̄^{α̇}) = D_A + iΓ_A , Γ_A = Γ^I_A(z)T̃^I , (3.1)

and satisfy the algebra (2.6), where here the hermitean generators (T̃^I )^i_j are antisymmetric:

(T̃^I )^† = T̃^I (T̃^I )^T = −T̃^I , (3.2)

Since we are interested only in one-loop corrections, any interactions may be ignored, and the classical action in question is: S[χ, χ̄] = ∫ d^8z χ^†χ + m 2 { ∫ d^6z χ^Tχ + c.c. } . (3.3)

– 3 –

The mass m is either an explicit mass (as in the case of the hypermultiplet mass M in (2.3)), or a infrared regulator for massless chiral scalars (as in the case of Φ in (2.3) and the ghosts)^1.

One can efficiently calculate the one-loop contribution to the effective action via zeta function regularization, and it is proportional to ζ^′(0), where the zeta function is defined by ζ(s) = μ^{2s} Γ(s) ∫_∞ 0 dt t^{s−1}e^{−tm2} ( K_+(t) + K_−(t) ) . (3.4)

In this expression, μ is the renormalization point and K_+(t) and K_−(t) are the functional traces of the chiral and antichiral heat kernels respectively, which are defined by:

K_±(t) = tr_R ∫ d^6z_± ∫ d^6z^′_±δ_±(z, z^′) e^{t□±} δ_±(z, z^′) ≡ tr_R ∫ d^6z_± K_±(z, t) . (3.5)

Here tr_R denotes the trace over the representation R, dz_± the integration measure over (anti)chiral subspace, δ_±(z, z^′) the (anti)chiral delta functions,

δ_+(z, z^′) = − 1 4 D̄^2Iδ^{(8)}(z, z^′) (3.6) δ_−(z, z^′) = − 1 4 D^2Iδ^{(8)}(z, z^′) (3.7)

δ^{(8)}(z, z^′) = δ^{(4)}(x, x^′)δ^{(2)}(θ − θ^′)δ^{(2)}(θ̄ − θ̄^′) , (3.8) and □_+ = 1 16 D̄^2D^2 (3.9)

□_− = 1 16 D^2D̄^2 . (3.10)

It can be shown that K_+(t) = K_−(t) (3.11)

and so ζ(s) = 2μ^{2s} Γ(s) ∫_∞ 0 dt t^{s−1}e^{−tm2} K_+(t) , (3.12)

requiring computation of only the chiral kernel.

The operator □_+ = 1 16 D̄^2D^2 , (3.13)

is a Laplace-type operator when acting on chiral superfields, Ψ,

□_+ Ψ = (D^aD_a − W^αD_α − 1 2 (D^αW_α))Ψ . (3.14)

This can be established using the identity

D^aD_a − W^αD_α = − 1 8 D̄_{α̇}D^2D̄^{α̇} + 1 2 (D^αW_α) + 1 16 (D^2D̄^2 + D̄^2D^2) . (3.15)

1One may also introduce a background for the adjoint scalar Φ in (2.1) taking values in the Cartan subalgebra, which then generates masses for the vector multiplet, the hypermultiplet and ghosts. For a discussion see [25].

– 4 –

To compute the effective action, it suffices to consider an on-shell background, D^αW_α = D̄_{α̇}W̄ α̇ = 0, so that

□_+ = 1 16 D̄^2D^2 = D^aD_a − W^αD_α (3.16)

acting on chiral superfields.

K_+(z, t) has an asymptotic expansion in t in the limit t → 0, which is usually expressed

K_+(z, t) = 1 16π^2t^2 ∞∑ n=0 t^na_n(z) , a_0 = a_1 = 0 . (3.17)

The a_n(z) are the DeWitt-Seeley coefficients, and are chiral superfields which at the component level contain bosonic field strength terms of the form F^n. To the best of our knowledge only the first non-trivial coefficient a_2 is known in the non-abelian case [27]:

a_2 = W^2 . (3.18)

Evaluating the one-loop effective action, Γ^{(1)}_{χ,R}, therefore amounts to computing the DeWitt-Seeley coefficients:

Γ^{(1)}_{χ,R} = 1 4 ζ^′(0) = 1 16π^2 ln ( μ m ) ∫ d^6z tr_R(a_2) + 1 32π^2 ∞∑ n=3 (n − 3)! m^{2n−4} ∫ d^6z tr_R(a_n) . (3.19)

It turns out that the a_n with n ≥ 3 are expressible as D̄^2 acting on field strengths and their covariant derivatives, and so the second term on the right hand side of (3.19) can be lifted to a gauge-invariant superfunctional on full superspace. This can be proven as follows.

By differentiating the kernel K_+(z, t) with respect to t, one observes that: dK_+(z, t) dt = 1 16 ∫ d^6z^′_+δ_+(z, z^′)D̄^2D^2e^{t□+} δ_+(z, z^′) = 1 16 D̄^2 (∫ d^6z^′_+δ_+(z, z^′)D^2e^{t□+} δ_+(z, z^′) )

= 1 16 D̄^2 ( lim_{z′→z} D^2e^{t□+} δ_+(z, z^′) ) , (3.20)

since D̄_{α̇}δ_+(z, z^′) = 0 . (3.21)

On the other hand, (3.17) yields dK_+(z, t) dt = 1 16π^2 ∞∑ n=3 (n − 2)t^{n−3}a_n(z) . (3.22)

Comparison of (3.20) and (3.22) demonstrates that the DeWitt-Seeley coefficients other than a_2 are expressible in the desired form.

– 5 –

It is convenient to introduce a new set of coefficients by writing lim_z′_{→z} D^2e^{t□+} δ_+(z, z^′) as an asymptotic series,

lim_{z′→z} D^2e^{t□+} δ_+(z, z^′) = 1 16π^2t^2 ∞∑ n=0 t^nc_n(z) , (3.23)

where simple computation reveals

c_0 = −4 I, c_1 = 0 , (3.24)

whilst comparison of (3.20), (3.22) and (3.23) yields

a_n(z) = 1 16(n − 2)

D̄^2(c_{n−1}(z)) n ≥ 3 . (3.25)

The effective action can then be written as

Γ^{(1)}[V ] = 1 16π^2 ln ( μ m ) ∫ d^6z tr_R(W^2) − 1 128π^2 ∞∑ n=3 (n − 3)! (n − 2)m^{2n−4} ∫ d^8z tr_R(c_{n−1}) ,

(3.26) the second term now being expressed in full superspace.

Consequently, determining the effective action reduces to computing the new coefficients c_n, which can of course be obtained by the same techniques used for computing DeWitt-Seeley coefficients. If desired, the DeWitt-Seeley coefficients themselves can be recovered through identity (3.25), which is nothing more than a projection onto the chiral subspace.

4. The method of computation

We wish to compute the effective action to order F^5, which corresponds to evaluating c_2, c_3 and c_4. The traditional method for computing heat kernel coefficients is the iterative DeWitt method (for example see [10]). We however prefer to use the method developed in [28, 29] and modified for non-abelian backgrounds in [4] since this calculation parallels that of [4], with only minor modifications for application to chiral subspace.

We begin by introducing a plane wave basis for the chiral delta function^2,

δ_+(z, z^′) = 4I ∫ d^4k (2π)^4 e^{ikaωa} ∫ d^2ϵ e^{iϵα(θ−θ′)α} (4.1)

where^3 ω_a = x_a − x^′_a − iθσ_aθ̄^′ + iθ^′σ_aθ̄ . (4.2)

In the coincidence limit, D^2e^{t□+} δ_+(z, z^′) becomes

lim_{z′→z} D^2e^{t□+} δ_+(z, z^′) = K^α_α(z, t) = ∫ dη_+ X^αX_αe^{tΔ} , (4.3)

2From here onward we work in the chiral representation.

3Note that although ωa is not itself chiral, D̄α̇(ωa) = −i(σa)αα̇(θ − θ^′)^α, the entire delta function is annihilated by D̄α̇ since (θ − θ^′)^3 = 0.

– 6 – the X’s being defined by

X_a = D_a + ik_a (4.4) X_α = D_α + iϵ_α , (4.5)

and where the notation K_{A1A2...An} (z, t) = ∫ dη_+ X_{A1} X_{A2} . . . X_{An} e^{tΔ} (4.6) ∫ dη_+ = 4 ∫ d^4k (2π)^4 ∫ d^2ϵ (4.7)

Δ = X^aX_a − W^αX_α (4.8)

has been introduced. Note that there is also a shift −k_{αα̇}(θ̄ − θ̄^′)^{α̇} in D_α which always vanishes in the coincidence limit since there are no D̄_{α̇} operators present. The X’s satisfy the algebra

{X_α, X_β } = 0 , [X_a, X_b] = G_{ab} , [X_α, X_a] = i(σ_a)_{αα̇}W̄^{α̇} . (4.9)

In this notation the power series (3.23) is: K^α_α(z, t) = 1 16π^2t^2 ∞∑ n=0 t^nc_n(z) . (4.10)

Differentiating K^α_α(z, t) with respect to t yields the differential equation dK^α_α(z, t) dt = K^{α a}_{α a}(z, t) . (4.11)

Using the identities 0 = ∫ dη_+ ∂ ∂k_b ( X_αX_βX_ae^{tΔ} ) (4.12) and [A, e^B ] =

∫_1 0 ds e^{sB} [A, B]e^{(1−s)B} , (4.13)

it follows that

0 = iδ^b_aK_{αβ} (z, t) + 2it ∫ dη_+ X_αX_βX_a ∞∑ n=0 t^n (n + 1)!

ad^n_Δ(X^b) e^{tΔ} (4.14)

where ad^n denotes n nested commutators:

ad^0_A(B) = B , ad^n_A(B) = [A, ad^{n−1}_A (B)] . (4.15)

After contraction of indices, this becomes K^{α a}_{α a}(z, t) = − 2 t K^α_α(z, t) − ∫ dη_+ X^αX_αX^a ∞∑ n=1 t^n (n + 1)!

ad^n_Δ(X_a) e^{tΔ} . (4.16)

– 7 –

Inserting this into the differential equation (4.11), one obtains: dK^α_α(z, t) dt + 2 t K^α_α(z, t) = − ∫ dη_+ X^αX_αX^a ∞∑ n=1 t^n (n + 1)!

ad^n_Δ(X_a) e^{tΔ} , (4.17)

the significance of which is seen in terms of the expansion (4.10), where the left hand side is dK^α_α(z, t) dt + 2 t K^α_α(z, t) = 1 16π^2 ∞∑ n=0 nt^{n−3}c_n(z) = c_1(z) 16π^2t^2 + 2c_2(z) 16π^2t + 3c_3(z) 16π^2

+ · · · (4.18)

As is usually the case with this approach, the differential equation yields an expansion where the first non-trivial coefficient c_0 is absent. The objective now becomes to determine the coefficients c_n(z) by expanding the right hand side of (4.17) in a power series in t, and identifying it with the right hand side of (4.18).

Since the summation in (4.17) involves the repetitive calculation of commutators, it is first useful to establish the following relations:

[Δ, X_a] = 2G^b_aX_b + (D_aW^α)X_α + i(σ_a)_{αα̇}W̄^{α̇}W^α [Δ, X_α] = (D_αW^β)X_β − 2i(σ^a)_{αα̇}W̄^{α̇}X_a [Δ, A] = (D^aD_aA) + 2(D^aA)X_a − W^α(D_αA) − (−1)^{ε(A)}[W^α, A}X_α . (4.19)

From these it is clear that summation will generate a series of moments of the form K_{A1...Ai} (z, t) as defined in (4.6). Furthermore, it is not difficult to show that to order n in this summation, the moments generated have at most (n + 3) indices. It is convenient to always place these indices in a specific order: first spinor, then vector. This can be achieved through the commutation relations (2.6). With such an ordering, the leading term in a moment’s asymptotic power series has the following behaviour^4: K_{A1...Aq+p} (z, t) ∼ 1 t^2 ( 1 t )[ p_2 ] t^{2−q} = t^{−q−}[^{p2} ] q ≤ 2 (4.20)

where K_{A1...Aq+p} (z, t) has q undotted spinor indices, p vector indices and [^p_2 ] denotes the largest integer part of p/2. Moments with greater than two undotted spinor indices vanish since X_αX_βX_γ = 0.

From these considerations, and by comparison with (4.18), the summation in equation (4.17) truncates at n = 2k − 1 when evaluating c_k(z) for k ≥ 2. Moreover, it turns out the last term in this truncated summation always vanishes due to the fact that it takes the form − (2t)^{2k−1} (2k)! (D^{a1} D^{a2} . . . D^{a2k−2} G^{a2k−1 a2k} )K^α_{αa1a2...a2k} (z, t) k ≥ 2 (4.21) and the moment is only ever required to leading order in its power series in t. To this order the moment is always totally symmetric in its spacetime indices, whereas G is antisymmetric. Consequently all such terms vanish^5, and when evaluating c_k(z) the summation truncates at n = 2k − 2.

4By ‘leading term’ we mean the first (expected) non-trivial term, ie K+(z, t) has a leading term of order t^0._5

Alternatively, to this order the moment is proportional to the identity matrix in its group indices, and the coefficient therefore vanishes under integration by parts.

– 8 –

To compute c_k(z) one must expand the set of moments which result from the summation in (4.17) to appropriate order in t. This is achieved through either direct expansion of the moment’s exponential, or iteratively through the use of the identities 0 = ∫ dη_+ ∂ ∂k_b ( X_{A1} . . . X_{An} e^{tΔ} ) , (4.22) 0 = ∫ dη_+ ∂ ∂ϵ_α ( X_{A1} . . . X_{An} e^{tΔ} ) (4.23) and d^mK_{A1...An} (z, t) dt^m = ∫ dη_+ X_{A1} . . . X_{An} Δ^me^{tΔ} . (4.24)

These can be used to express the desired moment in terms of moments which are easier to compute. For greater detail we direct the reader appendix A which illustrates this procedure, or to the earlier work [4].

5. Results

5.1 Superfield form

The results produced directly by the calculational procedure employed here can always be vastly simplified since almost all possible combinations of covariant derivatives on field strengths are produced. Surprisingly, there are so many terms generated in c_4 that it is no longer practical to compute by hand. All results can be brought into their most compact form through integration by parts, the cyclic property of the trace, the equations of motion, the repetitive use of the commutation relations (2.6), and application of on-shell identities such as

D_αD_βD̄_{α̇}W̄_{β̇} = 4ε_{αβ} {W̄_{α̇}, W̄_{β̇}} , D_αD̄_{α̇}D_βW^α = −4{W̄_{α̇}, W_β } , (5.1) (D^aD_aW^α) = [W^β, D_β W^α] , (5.2)

the latter being established through equation (3.15).

Despite the eventual simplicity of the result, the computation of c_4 is very involved and requires a great deal of work. Unlike c_2 and c_3, c_4 is not manifestly real after simplification, but can be brought into such a form by using the identities (modulo integration by parts):

tr_R ( (D^aW^α)(D_aW̄_{α̇})W̄^{α̇}W_α ) = tr_R ( (D^aW̄_{α̇})(D_aW^α)W_αW̄^{α̇} ) , (5.3)

tr_R ( (D^aW^α)(D_aW_α)W̄^2 +

+2(D_αW^β)W^αW_βW̄^2 ) = tr_R ( (D^aW̄_{α̇})(D_aW̄^{α̇})W^2+2(D̄_{α̇}W̄^{β̇})W̄^{α̇}W̄_{β̇}W^2 ) . (5.4)

Finally, to this order the one-loop effective action is computed to be:

Γ^{(1)}_{χ,R} = 1 16π^2 ln ( μ m ) ∫ d^6ztr_R(W^2) − 1 128π^2m^2 ∫ d^8ztr_R(c_2) − − 1 256π^2m^4 ∫ d^8ztr_R(c_3) − 1 192π^2m^6 ∫ d^8ztr_R(c_4) (5.5)

– 9 – where

tr_R(c_2) = 1 3 tr_R(G^{ab}G_{ba}) = − 1 6 tr_R ( (D̄_{α̇}W̄_{β̇})(D̄^{β̇}W̄^{α̇}) + (D^αW^β)(D_β W_α) ) (5.6)

tr_R(c_3) = 2 15 tr_R(W^αW̄_{α̇}W_αW̄^{α̇} − 4W^2W̄^2) (5.7)

tr_R(c_4) = 1 105 tr_R ( 2(D^aW^α)(D_aW̄_{α̇})W_αW̄^{α̇} − 6(D^aW^α)(D_aW_α)W̄^2 −

− 3(D^aW^α)(D_aW̄_{α̇})W̄^{α̇}W_α + 18(D_αW^β)W^αW_βW̄^2 + + 5 2 (D_αW^β)W^αW̄_{α̇}W_βW̄^{α̇} ) + c.c. (5.8)

and c.c. denotes the complex conjugate.

Note that c_2 actually vanishes under integration by parts since on-shell (D_αD_β W_γ ) = 0, and therefore provides no contribution to the effective action.

5.2 Component form

The component form of the above expressions can be extracted through the usual techniques (for example see [10]). The the bosonic component of c_3(z) is computed to be: 1 30 tr_R(2F^{ab}F_{ab}F^{cd}F_{cd} + 3F^{ab}F^{cd}F_{ab}F_{cd} − 4F^{ab}F_{bc}F^{cd}F_{da} − 16F^{ab}F_{bc}F_{ad}F^{dc}) , (5.9) where

∇_a = ∂_a − iA_a , [∇_a, ∇_b] = −iF_{ab} F_{ab} = ∂_aA_b − ∂_bA_a − i[A_a, A_b] , ∇_c(F_{ab}) = ∂_cF_{ab} − i[A_c, F_{ab}]. (5.10)

As will be shown, this agrees exactly with the component results given in [30] and [31].

Extraction and comparison of the bosonic component of c_4(z) is complicated by the fact that in the non-abelian case there are many possible tensor structures which are not all independent. More generally, in addition to some identities which are dependent on the spacetime dimension, structures with a given number of contracted F ’s and ∇F ’s may be related through: the Bianchi identity, the equations of motion, integration by parts, the cyclic property of the trace over the gauge indices, and the non-abelian identity

[F_{ab}, F_{cd}] = 2i∇_{[a}∇_{b]}F_{cd} . (5.11)

An independent set of such tensor structures forms a basis, and different bases are used throughout the literature, since different calculational procedures naturally select different bases. In the case presented here the basis is almost completely determined by the use of superspace. In particular, in superspace and hence at the component level, both covariant derivatives act on adjacent field strengths and are always contracted with one another. Complete details regarding the basis used here and the transformation from any basis into it are given in appendix B.

The bosonic component of c_4(z) in this basis is: − 1 210 tr_R ( 19(∇^eF^{ab})(∇_eF_{ab})F^{cd}F_{cd} + 11(∇^eF^{ab})(∇_eF^{cd})F_{ab}F_{cd} +

– 10 –

+ 13(∇^eF^{ab})(∇_eF^{cd})F_{cd}F_{ab} + 32(∇^eF^{ab})(∇_eF_{bc})F^{cd}F_{da} −

− 60(∇^eF^{ab})(∇_eF_{ca})F_{bd}F^{dc} +

261i 5 F^{ab}F_{bc}F^{cd}F_{de}F^e_a − − 89iF^{ab}F_{bc}F^{cd}F^e_aF_{de} − 41iF^{ab}F^{cd}F_{bc}F^e_aF_{de} − 7i 5 F^{ab}F^{cd}F^e_aF_{bc}F_{de} ) . (5.12)

6. Comparison with literature

To date the bosonic DeWitt-Seeley coefficients associated with scalars, vectors or spinors in the presence of non-abelian background Yang-Mills fields in arbitrary spacetime dimension have been separately computed to low order [30, 31, 32]. Since at the component level the action (3.3) corresponds to supersymmetric matter (a set of massive scalars and their fermionic superpartners) coupled to a background non-abelian supersymmetric Yang-Mills field, a non-trivial check of the results derived here is available.

From the tables in [31] and [32], one can assemble the total bosonic component of the DeWitt-Seeley coefficients associated with a theory possessing N_1 vectors, N_0 scalars and N_{1/2} spinors all in the adjoint representation, coupled to a Yang-Mills background by using^6 a^{tot}_n = N_1a_n(Δ_1) + (N_0 − 2N_1)a_n(Δ_0) − N_{1/2} γ a_n(Δ_{1/2}) (6.1)

where γ = 1, 2, 4 for Dirac, Majorana and Majorana-Weyl spinors respectively, and a_n(Δ_s) (s = 0, 1,^1_2 ) denotes the contribution generated by the presence of second order (scalar, vector, spinor) operators in the original action.

At the component level the starting action (3.3) contained two scalars and two Majorana-Weyl spinors in D = 4, so from [31, 32] and equation (6.1), one generates the following on-shell bosonic components of the DeWitt-Seeley coefficients:

tr_{Ad}(a_3) = 0 (6.2)

tr_{Ad}(a_4) = − 1 240 tr_{Ad} ( 2F^{ab}F_{ab}F^{cd}F_{cd} + 3F^{ab}F^{cd}F_{ab}F_{cd} − − 4F^{ab}F_{bc}F^{cd}F_{da} − 16F^{ab}F_{bc}F_{ad}F^{dc} ) (6.3)

tr_{Ad}(a_5) = 1 21 1 5! tr_{Ad} ( − 10(∇^eF^{ab})(∇_eF_{bc})F^{cd}F_{da} − 32(∇^eF^{ab})(∇_eF_{ca})F_{bd}F^{dc} +

+ 8(∇^aF^{ef} )(∇_bF_{ef} )F^{ac}F_{cb} + 1 2 (∇^eF^{ab})F_{ab}(∇_eF^{cd})F_{cd} − − 42(∇^eF^{ab})F_{da}(∇_eF_{bc})F^{cd} + 6(∇_bF^{ef} )F^{cb}(∇^aF_{ef} )F_{ac} + + 6(∇^eF^{ab})(∇_eF_{ab})F^{cd}F_{cd} − 19 2 (∇^eF^{ab})(∇_eF^{cd})F_{ab}F_{cd} − − 28(∇^aF^{de})(∇^bF_{ec})F_{ab}F^c_d ) + (F^5 terms) . (6.4)

The vanishing of a_3 is non-trivial, and as indicated only the derivative terms of a_5 have so far been computed at the component level [30, 31, 32]. Inspection reveals immediate

6In the notation used in [31] and [32], an = b2n

– 11 – agreement, up to an overall numerical multiplicative constant, between a_3, a_4 and the bosonic components of c_2 and c_3 respectively. Taking into account the relationship between the coefficients c_n and a_n in superspace, equation (3.25), and restricting R to be the adjoint representation, exact agreement is found.

Comparison between a_5 and c_4 is far less trivial since the results for a_5 in the literature are expressed in a different basis, which is non-minimal in D = 4. After expressing a_5 in our basis (see appendix B), we find:

tr_{Ad}(a_5) = 1 21 1 5! tr_{Ad} ( 19(∇^eF^{ab})(∇_eF_{ab})F^{cd}F_{cd} + 11(∇^eF^{ab})(∇_eF^{cd})F_{ab}F_{cd} +

+ 13(∇^eF^{ab})(∇_eF^{cd})F_{cd}F_{ab} + 32(∇^eF^{ab})(∇_eF_{bc})F^{cd}F_{da} − − 60(∇^eF^{ab})(∇_eF_{ca})F_{bd}F^{dc} ) + (F^5 terms) . (6.5)

Comparing with the bosonic component of c_4 in equation (5.12), and again taking into account equation (3.25), exact agreement of the derivative terms is found.

7. Discussion

We can now give the ingredients for the calculation of the one-loop effective action for an arbitrary N = 2 SYM theory to order F^5. As previously noted, the effective action will be given by an appropriate linear combination of: (i) Γ^{(1)}_{χ,R⊕Rc} and Γ^{(1)}_{χ,Ad} given by (5.5; (ii) the logarithm of the superdeterminant of the background covariant operator in the quadratic part of the action for the vector superfield in the adjoint representation. The latter, i 2 ln sDet(□_v − M^2) , (7.1)

where M is an infrared regulator and the background vector d’Alembertian, □_v, is

□_v = D^aD_a − W^αD_α + W̄_{α̇}D̄^{α̇} , (7.2)

was derived in [4], and to order F^5 is: i 2 ln sDet(□_v − M^2) = 1 32π^2M^4 ∫ d^8z tr_{Ad}(a^{(v)}_4 ) + 1 16π^2M^6 ∫ d^8z tr_{Ad}(a^{(v)}_5 ) (7.3)

where^7

tr_{Ad}(a^{(v)}_4 ) = 1 3 tr_{Ad}(2 W^2W̄^2 − W^αW̄_{α̇}W_αW̄^{α̇}) (7.4)

tr_{Ad}(a^{(v)}_5 ) = 1 30 tr_{Ad} ( (D^aW^α)(D_aW_α)W̄^2 + (D^aW^α)(D_aW̄_{α̇})W̄^{α̇}W_α −

− (D^aW^α)(D_aW̄_{α̇})W_αW̄^{α̇} − 3(D_αW^β)W^αW_βW̄^2 − − (D_αW^β)W^αW̄_{α̇}W_βW̄^{α̇} ) + c.c. (7.5)

7Here the expression for tr_{Ad}(a^{(v)}_5 ) from [4] has been simplified through use of equation (5.2).

– 12 –

Finally, it is worth pointing out that in [4], when computing the one-loop effective action for N = 4 SYM (which is just (7.3)), we where able to push this method for calculating heat kernel coefficients to order F^6, whereas in the chiral case presented here, only to order F^5 with comparable difficulty. This is primarily due to the fact that in the N = 4 case the associated heat kernel has the power series behaviour,

K_v(z, t) = t^2a^{(v)}_4 16π^2 + t^3a^{(v)}_5 16π^2

+ · · · , (7.6)

whereas the power series of the chiral kernel was given by equation (3.17). Consequently computing F^5 terms in N = 4 SYM (ie a^{(v)}_5 ), merely involved the computation of the second non-trivial coefficient, whereas one must compute the forth non-trivial coefficient to acquire the F^5 contributions in the chiral case.

Acknowledgments

I wish to thank S.M. Kuzenko for the suggestion of this project, and both S.M. Kuzenko and I.N. McArthur for suggestions, discussions and references.

A. The method of computation

Here we illustrate through example the method of computation of coincidence limits of moments of heat kernels employed in this paper.

The power series arguments presented in section 4 showed that in computing c_2(z) the summation in equation (4.17) truncates at n = 2. Consider the n = 1 contribution: − t 2! ∫ dη_+ X^αX_αX^a[Δ, X_a] e^{tΔ} . (A.1)

Using the commutation relations (4.9) and (4.19) this reduces to − t 2! ( Q^{αβa}K_{αβa}(z, t) + R^{αab}K_{αab}(z, t) + S^{αβ}K_{αβ} (z, t) ) , (A.2)

where only the moments which contribute to c_2(z) have been retained^8 and on-shell

Q^{αβa} = iε^{βα}(σ^a)_{γγ̇}W̄^{γ̇} W^γ − 2(D^αD^aW^β) + 2ε^{βα}(D^bG^a_b) (A.3) R^{αab} = 4(D^αG^{ba}) (A.4) S^{αβ} = −2(D^αD^aD_aW^β) + ε^{βα}G^{ba}G_{ab} (A.5) G_{ab} = [X_a, X_b] = [D_a, D_b] . (A.6)

The remaining moments in (A.2) must now be expanded in a power series to the required order in t. In the current example this does not pose any additional difficulties since all moments are required only to leading order (as in equation (4.20)), which can easily

8For example from (4.18) and (4.20), one observes that terms like tK(z, t), tKα(z, t) and tK_{ab}(z, t) etc will provide no contribution to c2(z).

– 13 – be obtained simply by expanding the exponential in the moment into commutators. For example: K_{αab}(z, t) = ∫ dη_+ X_αX_aX_be^{tΔ} = 1 16π^2 1 t^2 η_{ab}W_α + O(t^{−1}) , (A.7)

where the k integral has been performed (after Wick rotation to a euclidean metric).

However, if we wish to compute c_3(z), such a moment would have been required to subleading order. In such a case one does not simply expand the exponential into commutators, since this is a very cumbersome method to evaluate most moments to other than leading order. Rather, it can be expressed in terms of moments which are easier to compute, or need only be computed to first order. Here this can be achieved through the use of the identity (4.23), in the form: 0 = ∫ dη_+ ∂ ∂ϵ_γ ( X_αX_β X_aX_be^{tΔ} ) . (A.8)

After contraction of γ and β, and using equation (4.13), this leads to an expression for K_{αab}(z, t), K_{αab}(z, t) = t ∫ dη_+ X_αX_β X_aX_b ∞∑ n=0 t^n (n + 1)!

ad^n_Δ(W^β) e^{tΔ} . (A.9)

Examining the power series behaviour it can be seen that to compute K_{αab}(z, t) to subleading order, this summation will truncate at n = 2, but in doing so generates another series of moments which also need to be computed, ie K_{αab}(z, t) = tW^βK_{αβab}(z, t) + · · · . (A.10) In turn these moments may be expressed in terms of others using identities like (4.22), (4.23) or (4.24).

Proceeding iteratively in this fashion, when computing c_k(z) one eventually establishes a small group of moments which need to be computed to particular order. This group of moments naturally arrange themselves into a hierarchy, where computing any moment in the hierarchy depends on the computation of other moments higher up in the hierarchy (for example K_{αab}(z, t) depends on K_{αβab}(z, t) in (A.10)). One can then proceed to compute, in systematic fashion, all moments within the hierarchy by starting at the top.

B. Change of basis

In this appendix we briefly describe the basis used in this paper, and outline the general transformation from any other basis into it. In particular the expression for a_5 in equation (6.4), is transformed into (6.5).

For simplicity the following notation is introduced (where the trace is over the gauge indices in some representation R of the gauge group):

s_{0,0} = tr_R(F^{ab}F_{bc}F^{cd}F_{de}F^e_a) s_{0,1} = tr_R(F^{ab}F_{bc}F^{cd}F^e_aF_{de}) s_{0,2} = tr_R(F^{ab}F^{cd}F_{bc}F^e_aF_{de}) s_{0,3} = tr_R(F^{ab}F^{cd}F^e_aF_{bc}F_{de})

– 14 – s_{0,4} = tr_R(F^{ab}F_{bc}F^c_aF^{de}F_{de}) s_{0,5} = tr_R(F^{ab}F^{de}F_{bc}F^c_aF_{de}) s_{1,0} = tr_R((∇^eF^{ab})(∇_eF_{ab})F^{cd}F_{cd}) s_{1,1} = tr_R((∇^eF^{ab})(∇_eF^{cd})F_{ab}F_{cd}) s_{1,2} = tr_R((∇^eF^{ab})(∇_eF^{cd})F_{cd}F_{ab}) s_{1,3} = tr_R((∇^eF^{ab})(∇_eF_{bc})F^{cd}F_{da}) s_{1,4} = tr_R((∇^eF^{ab})(∇_eF_{ca})F_{bd}F^{dc}) s_{1,5} = tr_R((∇^eF^{ab})(∇_eF^{cd})F_{bc}F_{da}) s_{1,6} = tr_R((∇^eF^{ab})F_{da}(∇_eF_{bc})F^{cd}) s_{1,7} = tr_R((∇^eF^{ab})F^{cd}(∇_eF_{ab})F_{cd}) s_{1,8} = tr_R((∇^eF^{ab})F_{bc}(∇_eF^{cd})F_{da}) s_{1,9} = tr_R((∇^eF^{ab})F_{ab}(∇_eF^{cd})F_{cd}) s_{1,10} = tr_R((∇^eF^{ab})F^{cd}(∇_eF_{cd})F_{ab}) s_{1,11} = tr_R((∇^eF^{ab})F^{dc}(∇_eF_{cb})F_{da}) s_{2,1} = tr_R(F^{ab}(∇_aF^{cd})(∇^eF_{bc})F_{de}) s_{2,3} = tr_R((∇^aF^{ef} )(∇_bF_{ef} )F^{ac}F_{cb}) s_{2,4} = tr_R((∇^aF^{ef} )(∇_bF_{ef} )F^{bc}F_{ca}) s_{2,5} = tr_R((∇^aF^{ef} )F^{cb}(∇_bF_{ef} )F_{ac}) s_{2,6} = tr_R((∇_bF^{ef} )F^{cb}(∇^aF_{ef} )F_{ac}) s_{2,7} = tr_R((∇^bF^{cd})(∇_cF^{ea})F_{de}F_{ab}) s_{2,9} = tr_R((∇_eF^{bc})(∇^aF^{de})F_{ab}F_{cd}) s_{2,10} = tr_R((∇^aF^{de})(∇^bF_{ec})F_{ab}F^c_d) s_{2,11} = tr_R((∇_aF^{de})(∇^cF_{be})F^{ab}F_{cd}) s_{2,12} = tr_R((∇^aF^{de})(∇_eF^{cb})F_{ab}F_{cd}) s_{2,13} = tr_R((∇_eF^{bc})F_{cd}(∇^dF^{ea})F_{ab}) s_{2,14} = tr_R((∇^aF^{cd})(∇^bF_{de})F^e_cF_{ab}) s_{2,15} = tr_R((∇_aF^{cd})(∇^eF^{ab})F_{cb}F_{ed}) s_{2,16} = tr_R(F^{de}(∇_eF^{cb})F_{ab}(∇^aF_{cd})) s_{2,17} = tr_R(F_{ab}(∇_eF^{bc})F^{ed}(∇^aF_{dc})) s_{2,18} = tr_R(F_{ab}(∇_eF^{bc})F_{cd}(∇^aF^{de})) .

This is not a complete list, and excludes terms which can obviously be reduced to a linear combination of the above (modulo integration by parts and the equations of motion). In D = 4 the following set provides a basis for all such possible tensor structures:

{s_{0,0}, s_{0,1}, s_{0,2}, s_{0,3}, s_{1,0}, s_{1,1}, s_{1,2}, s_{1,3}, s_{1,4}, s_{2,3}} , (B.1)

which consists of four F^5 structures, five structures with contracted covariant derivatives acting on adjacent field strengths, and a single structure with two covariant derivatives which are not contracted. We demonstrate this below.

B.1 F^5 terms One can readily establish that the six F^5 terms: s_{0,0}, s_{0,1}, s_{0,2}, s_{0,3}, s_{0,4} and s_{0,5}, are not linearly independent in four dimensions by using the following σ matrix identity:

tr(σ^aσ̃^bσ^cσ̃^dσ^eσ̃^f ) = tr(σ^bσ̃^aσ^f σ̃^eσ^dσ̃^c) . (B.2)

This implies ( tr(σ^aσ̃^bσ^cσ̃^dσ^eσ̃^f )tr(σ̃^gσ^hσ̃^iσ^j ) + c.c ) tr_R(F_{ab}F_{cd}F_{ef} F_{gh}F_{ij} + F_{ab}F_{ef} F_{cd}F_{gh}F_{ij} ) = 0 , (B.3) which reduces to s_{0,1} − 2s_{0,2} + s_{0,3} + 1 2 s_{0,4} + 3 2 s_{0,5} = 0 . (B.4) Similarly one can use (B.2) to establish ( tr(σ^aσ̃^bσ^cσ̃^dσ^eσ̃^f )tr(σ̃^gσ^hσ̃^iσ^j ) + c.c ) tr_R(F_{ab}F_{cd}F_{gh}F_{ef} F_{ij} + F_{ab}F_{ef} F_{gh}F_{cd}F_{ij} ) = 0 , (B.5)

– 15 – which becomes s_{0,0} − 2s_{0,1} − s_{0,2} + 3 2 s_{0,4} − 1 2 s_{0,5} = 0 . (B.6)

Equations (B.4) and (B.6) then allow two of the six F^5 structures to be expressed in terms of the other four. For example we choose to treat s_{0,4} and s_{0,5} as dependent:

s_{0,4} = − 3 5 s_{0,0} + s_{0,1} + s_{0,2} + 1 5 s_{0,3} (B.7)

s_{0,5} = 1 5 s_{0,0} − s_{0,1} + s_{0,2} + 3 5 s_{0,3} . (B.8)

B.2 D^2F^4 terms Using the equations of motion, the Bianchi identity, integration by parts, the cyclic property of the trace and the identity

[F_{ab}, F_{cd}] = 2i∇_{[a}∇_{b]}F_{cd} , (B.9)

each of the terms s_{1,i} with 6 ≤ i ≤ 11 can be expressed in the proposed basis:

s_{1,6} = − 2is_{0,1} + 2is_{0,2} − s_{1,4} − s_{1,5} (B.10) s_{1,7} =4is_{0,5} − 2s_{1,1} = 4i 5 s_{0,0} − 4is_{0,1} + 4is_{0,2} + 12i 5 s_{0,3} − 2s_{1,1} (B.11) s_{1,8} = − 2is_{0,0} + 2is_{0,1} − 2s_{1,3} (B.12) s_{1,9} =4is_{0,4} − s_{1,0} − s_{1,2} = − 12i 5 s_{0,0} + 4is_{0,1} + 4is_{0,2} + 4i 5 s_{0,3} − s_{1,0} − s_{1,2} (B.13)

s_{1,10} =4is_{0,4} − s_{1,0} − s_{1,2} = − 12i 5 s_{0,0} + 4is_{0,1} + 4is_{0,2} + 4i 5 s_{0,3} − s_{1,0} − s_{1,2} (B.14) s_{1,11} = − 2is_{0,1} + 2is_{0,2} − s_{1,4} − s_{1,5} . (B.15)

B.3 D_aD_bF^4 terms Again using these properties one can generate the following independent equations:

s_{2,1} =is_{0,2} − is_{0,3} + 1 4 s_{1,1} − 1 2 s_{2,5} − s_{2,9} (B.16)

s_{2,9} = − is_{0,1} + is_{0,2} − s_{1,4} − 1 2 s_{2,3} + 1 2 s_{2,6} (B.17)

s_{2,4} = − is_{0,4} + is_{0,5} + 1 2 s_{1,2} − 1 2 s_{1,10} + s_{2,3} (B.18) s_{2,5} =s_{2,6} (B.19) s_{2,7} =s_{2,9} (B.20) s_{2,13} =s_{2,18} = −is_{0,0} + is_{0,1} − s_{1,3} (B.21) s_{2,12} = − s_{2,15} (B.22) s_{2,12} = − s_{1,5} + s_{2,7} (B.23) s_{2,10} =s_{2,14} = −s_{2,11} − s_{2,12} (B.24) s_{2,10} = − s_{2,1} + s_{2,9} (B.25)

– 16 – s_{2,16} = − s_{2,17} = i 2 s_{0,4} − i 2 s_{0,5} − s_{2,13} + s_{2,14} . (B.26)

Furthermore, two more independent equations can be produced by using identity (B.2), for example: ( tr(σ^aσ̃^bσ^cσ̃^dσ^eσ̃^f )tr(σ̃^gσ^hσ̃^iσ^j ) + c.c ) × × ( tr_R((∇_bF_{cd})∇_a(F_{gh})F_{ij} F_{ef} − (∇_aF_{fe})∇_b(F_{gh})F_{ij} F_{dc}) ) = 0 , (B.27) and ( tr(σ^aσ̃^bσ^cσ̃^dσ^eσ̃^f )tr(σ̃^gσ^hσ̃^iσ^j) + c.c ) × × ( tr_R((∇_aF_{gj} )∇_f (F_{hi})F_{bc}F_{ed} − (∇_bF_{gj} )∇_c(F_{hi})F_{af} F_{de}) ) = 0 , (B.28)

which reduce to s_{1,0} + s_{1,1} − 4s_{1,4} + 4s_{2,1} + 2s_{2,4} = 0 (B.29) and s_{1,1} − s_{1,2} + 4s_{1,3} − 4s_{1,4} + 8s_{1,5} − 2s_{2,3} + 2s_{2,4} − 4s_{2,9} + 4s_{2,12} − 8s_{2,15} = 0 (B.30)

respectively.

B.4 The basis

All tensor structures can now be expressed in the basis (B.1). Introducing the condensed notation, {a, b, c, d, e, f, g, h, i, j} ≡ as_{0,0} + bs_{0,1} + cs_{0,2} + ds_{0,3} + es_{1,0} + fs_{1,1} + +gs_{1,2} + hs_{1,3} + is_{1,4} + js_{2,3} (B.31)

we list below all terms expressed in this basis:

s_{0,4} = { − 3 5 , 1, 1, 1 5 , 0, 0, 0, 0, 0, 0 }

s_{0,5} = { 1 5 , −1, 1, 3 5 , 0, 0, 0, 0, 0, 0 }

s_{1,5} = { 2i, −5i, 0, −i, 3 4 , 3 4 , 3 4 , 1, −3, 0 }

s_{1,6} = s_{1,11} = { − 2i, 3i, 2i, i, − 3 4 , − 3 4 , − 3 4 , −1, 2, 0 }

s_{1,7} = { 4i 5 , −4i, 4i, 12i 5 , 0, −2, 0, 0, 0, 0 }

s_{1,8} = { − 2i, 2i, 0, 0, 0, 0, 0, −2, 0, 0 }

s_{1,9} = s_{1,10} = { − 12i 5 , 4i, 4i, 4i 5 , −1, 0, −1, 0, 0, 0 }

– 17 – s_{2,1} = { − i, 2i, i, 0, − 1 2 , − 1 4 , − 1 2 , 0, 1, − 1 2 }

s_{2,4} = { 2i, −4i, −2i, 0, 1 2 , 0, 1, 0, 0, 1 }

s_{2,5} = s_{2,6} = { i, −i, −i, −i, 1 2 , 1 2 , 1 2 , 0, 0, 1 }

s_{2,7} = s_{2,9} = { i 2 , − 3i 2 , i 2 , − i 2 , 1 4 , 1 4 , 1 4 , 0, −1, 0 }

s_{2,10} = s_{2,14} = { 3i 2 , − 7i 2 , − i 2 , − i 2 , 3 4 , 1 2 , 3 4 , 0, −2, 1 2 }

s_{2,11} = { 0, 0, 0, 0, − 1 4 , 0, − 1 4 , 1, 0, − 1 2 }

s_{2,12} = −s_{2,15} = { − 3i 2 , 7i 2 , i 2 , i 2 , − 1 2 , − 1 2 , − 1 2 , −1, 2, 0 }

s_{2,13} = s_{2,18} = { − i, i, 0, 0, 0, 0, 0, −1, 0, 0 }

s_{2,16} = −s_{2,17} = { 21i 10 , − 7i 2 , − i 2 , − 7i 10 , 3 4 , 1 2 , 3 4 , 1, −2, 1 2 } (B.32)

Finally, in this basis we find that the derivative terms of a_5, given in equation (6.4), become

a_5 = 1 21 1 5! { 234i 5 , −32i, −74i, − 168i 5 , 19, 11, 13, 32, −60, 0 } , (B.33)

which, ignoring F^5 terms, is equation (6.5).

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] D.T. Grasso, Higher order contributions to the effective action of N = 4 super Yang-Mills, J.

High Energy Phys. 11 (2002) 012 [hep-th/0210146].

[5] A. Refolli, A. Santambrogio, N. Terzi and D. Zanon, F^5 contributions to the nonabelian Born-Infeld action from a supersymmetric Yang-Mills five-point function, Nucl. Phys. B 613 (2001) 64 [hep-th/0105277], erratum ibid. B648 (2003) 453;

A. Refolli, A. Santambrogio, N. Terzi and D. Zanon, Nonabelian Born-Infeld from super-Yang-Mills effective action, Fortschr. Phys. 50 (2002) 952 [hep-th/0201106].

[6] P. Koerber and A. Sevrin, The non-abelian Born-Infeld action through order α^{′3}, J. High Energy Phys. 10 (2001) 003 [hep-th/0108169]; Testing the α^{′3} term in the non-abelian open superstring effective action, J. High Energy Phys. 09 (2001) 009 [hep-th/0109030];

– 18 –

R. Medina, F.T. Brandt and F.R. Machado, The open superstring 5-point amplitude revisited, J. High Energy Phys. 07 (2002) 071 [hep-th/0208121];

M. de Roo, M.G.C. Eenink, P. Koerber and A. Sevrin, Testing the fermionic terms in the non-abelian D-brane effective action through order α^{′3}, J. High Energy Phys. 08 (2002) 011 [hep-th/0207015].

[7] O. Aharony, J. Sonnenschein, S. Yankielowicz and S. Theisen, Field theory questions for string theory answers, Nucl. Phys. B 493 (1997) 177 [hep-th/9611222]; M.R. Douglas, D.A. Lowe and J.H. Schwarz, Probing F-theory with multiple branes, Phys. Lett. B 394 (1997) 297 [hep-th/9612062];

O. Aharony, J. Pawelczyk, S. Theisen and S. Yankielowicz, A note on anomalies in the AdS/CFT correspondence, Phys. Rev. D 60 (1999) 066001 [hep-th/9901134].

[8] M.R. Douglas and G.W. Moore, D-branes, quivers and ALE instantons, hep-th/9603167;

C.V. Johnson and R.C. Myers, Aspects of type-IIB theory on ALE spaces, Phys. Rev. D 55 (1997) 6382 [hep-th/9610140];

S. Kachru and E. Silverstein, 4D conformal theories and strings on orbifolds, Phys. Rev. Lett. 80 (1998) 4855 [hep-th/9802183].

[9] J. Wess and J. Bagger, Supersymmetry and supergravity, Princeton University Press, Princeton 1991.

[10] I.L. Buchbinder and S.M. Kuzenko, Ideas and methods of supersymmetry and supergravity, IOP Publishing Ltd., Bristol 1998.

[11] S.J. Gates, M.T. Grisaru, M. Roček and W. Siegel, Superspace, or one thousand and one lessons in supersymmetry, Front. Phys. 58 (1983) 1–548 [hep-th/0108200].

[12] M.T. Grisaru, W. Siegel and M. Roček, Improved methods for supergraphs, Nucl. Phys. B 159 (1979) 429.

[13] M.T. Grisaru and W. Siegel, Supergraphity, part 1. Background field formalism, Nucl. Phys.

B 187 (1981) 149.

[14] A.T. Banin, I.L. Buchbinder and N.G. Pletnev, On low-energy effective action in N = 2 super Yang-Mills theories on non-abelian background, Phys. Rev. D 66 (2002) 045021 [hep-th/0205034].

[15] I.L. Buchbinder, S.M. Kuzenko and B.A. Ovrut, On the D = 4, N = 2 non-renormalization theorem, Phys. Lett. B 433 (1998) 335 [hep-th/9710142].

[16] I.L. Buchbinder, E.I. Buchbinder, S.M. Kuzenko and B.A. Ovrut, The background field method for N = 2 super Yang-Mills theories in harmonic superspace, Phys. Lett. B 417 (1998) 61 [hep-th/9704214].

[17] I.L. Buchbinder, E.I. Buchbinder, E.A. Ivanov, S.M. Kuzenko and B.A. Ovrut, Effective action of the N = 2 Maxwell multiplet in harmonic superspace, Phys. Lett. B 412 (1997) 309 [hep-th/9703147].

[18] E.I. Buchbinder, I.L. Buchbinder and S.M. Kuzenko, Non-holomorphic effective potential in N = 4 SU(N) SYM, Phys. Lett. B 446 (1999) 216 [hep-th/9810239].

[19] I.L. Buchbinder and S.M. Kuzenko, Comments on the background field method in harmonic superspace: non-holomorphic corrections in N = 4 SYM, Mod. Phys. Lett. A 13 (1998) 1623 [hep-th/9804168].

– 19 –

[20] E.I. Buchbinder, I.L. Buchbinder, E.A. Ivanov and S.M. Kuzenko, Central charge as the origin of holomorphic effective action in N = 2 gauge theory, Mod. Phys. Lett. A 13 (1998) 1071 [hep-th/9803176].

[21] S. Eremin and E. Ivanov, Holomorphic effective action of N = 2 SYM theory from harmonic superspace with central charges, Mod. Phys. Lett. A 15 (2000) 1859 [hep-th/9908054].

[22] I.L. Buchbinder, S.M. Kuzenko and A.A. Tseytlin, On low-energy effective actions in N = 2, 4 superconformal theories in four dimensions, Phys. Rev. D 62 (2000) 045001 [hep-th/9911221].

[23] A.T. Banin, I.L. Buchbinder and N.G. Pletnev, Low-energy effective action of N = 2 gauge multiplet induced by hypermultiplet matter, Nucl. Phys. B 598 (2001) 371 [hep-th/0008167].

[24] S.M. Kuzenko and I.N. McArthur, Hypermultiplet effective action: N = 2 superspace approach, Phys. Lett. B 513 (2001) 213 [hep-th/0105121]; Effective action of N = 4 super Yang-Mills: N = 2 superspace approach, Phys. Lett. B 506 (2001) 140 [hep-th/0101127]; On the two-loop four-derivative quantum corrections in 4-d N = 2 superconformal field theories, Nucl. Phys. B 683 (2004) 3 [hep-th/0310025]; Low-energy dynamics in N = 2 super qed: two-loop approximation, J. High Energy Phys. 10 (2003) 029 [hep-th/0308136].

[25] A.T. Banin, I.L. Buchbinder and N.G. Pletnev, One-loop effective action for N = 4 SYM theory in the hypermultiplet sector: leading low-energy approximation and beyond, Phys. Rev. D 68 (2003) 065024 [hep-th/0304046].

[26] B.A. Ovrut and J. Wess, Supersymmetric R_ξ gauge and radiative symmetry breaking, Phys.

Rev. D 25 (1982) 409;

P. Binetruy, P. Sorba and R. Stora, Supersymmetric s covariant R_ξ gauge, Phys. Lett. B 129 (1983) 85.

[27] J. Honerkamp, F. Krause, M. Scheunert and M. Schlindwein, Perturbation theory in terms of superfields and its application to gauge theories, Nucl. Phys. B 95 (1975) 397; I.L. Buchbinder, Divergences of effective action in external supergauge field, Yad. Fiz. 36 (1982) 509;

I.N. McArthur, Super B_4 coefficients, Phys. Lett. B 128 (1983) 194; Super B_4 coefficients in supergravity, Class. and Quant. Grav. 1 (1984) 245.

[28] I.N. McArthur and T.D. Gargett, A *gaussian* approach to computing supersymmetric effective actions, Nucl. Phys. B 497 (1997) 525 [hep-th/9705200].

[29] T.D. Gargett and I.N. McArthur, Derivative expansion of one loop effective actions for Yang-Mills fields, J. Math. Phys. 39 (1998) 4430.

[30] A.E.M. van de Ven, Explicit counter action algorithms in higher dimensions, Nucl. Phys. B 250 (1985) 593.

[31] R.R. Metsaev and A.A. Tseytlin, On loop corrections to string theory effective actions, Nucl.

Phys. B 298 (1988) 109.

[32] E.S. Fradkin and A.A. Tseytlin, Quantum properties of higher dimensional and dimensionally reduced supersymmetric theories, Nucl. Phys. B 227 (1983) 252.

– 20 –